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The validity of the Hammett equation — or of any other one-parameter relation of free energies
(LFER) — at various temperatures is conditioned by the validity of the isokinetic relationship,
Eq. (4). The simultaneous dependence of the rate constants on temperature and on substituent
constant is then given by the isoparametric relationship, Eq. (3). Calculations on 20 examples
have shown that the later equation is obeyed with the same precision as the unconstrained LFER’s
for each temperature, the isokinetic relationship itself being always more precise. It follows that
LFER’s can be used safely at variable temperatures within a reasonable interval, i.e. as far as the
activation parameters are temperature independent at least. When data at several temperatures
are available, the isoparametric relationship should always be applied. Its theoretical corollary,
the temperature independence of the reaction rate for a particular value of o, is of no significance,
since this critical value is experimentally not accessible in kinetics.

The broad significance of the Hammett equation (/) depends among others on its
applicability to reaction series studied at different temperatures; it means that the
fixed scale of substituent constants ¢ retains its validity when changing temperature,
and the reaction constant ¢ is only affected. The same applies to all correlation
equations of the similar type, called Linear Free Energy Relationships (LFER).
Further conclusions of this paper are restricted to those relationships of this type,
which involve only one empirical constant characterizing substituent, or solvent,
reagent efc.; they can be written in the form

(YT) log kyr = log k3 + @10+ (1)

In this equation the logarithm of the rate (equilibrium) constant (k) depends on tem-
perature and on substitution, the proportionality constant (0) and the rate of the
unsubstituted compound (k°) depend only on temperature, and the generalized
substituent constant (¢) only on substitution (or on another variable parameter);
the symbol (VT) denotes explicitly that the equation is valid for any fixed temperature.

Simultaneously, for any given ¢, log k depends on temperature. When the tem-
perature interval is not too broad and the highest precision not required, the Ar-
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rhenius equation may be assumed to hold
(Vo) log ko x = log A, — (EX[23R) T 1, #))

in which the preexponential factor A and the activation energy E* depend only
on ¢. Further conclusions of this paper are restricted to the approximation with the
exactly valid Arrhenius equation and temperature independent activation para-
meters, but they apply to equilibria (with AH® instead of E* and AS[2-3R instead
of log A) as well as to kinetics.

It can now be deduced that the simultaneous validity of equations (I) and (2)
is equivalent to the equation (3), firstly derived by Miller! and called the isopara-
metric relationship? (IPR)

log kgt = yo + 0olc — 9) (1 — BT). 3

Of the four empirical constants involved, f — the isokinetic temperature®> — repre-
sents the fictive temperature at which the rate constant is independent of substi-
tution®*; 9 — the critical value of & (denoted2 6) — is the fictive value of the substi-
tuent constant at which the rate is independent of temperature!'?; y, — the isopara-
metric value?, or the isokinetic point® — is the value of log k at T= for at ¢ = 9;
0o Tepresents the limiting value of ¢ at the infinite temperature. When the dependence
on ¢ is disregarded, equation (3) reduces to the form

logkyp = yo + b(T™' = p74), 4

which simply means that several Arrhenius lines have a common point of inter-
section (B!, y,) This statement is equivalent* to the linear relationship between
the activation parameters
AH, = hy + BAS;, (4a)
or
Ef = ey + 23RBlog 4; .

Either of the equations (4), (4a) is called the isokinetic relationship®*# (IKR). Taking
into account the symmetry of equation (3) with respect to the variables o and T4,
one can deduce thereof another equation

log ks j = yo + oo — 9), )

which means that several Hammett lines intersect in one point with the coordinates
(8, yo). Equations (4) and (5) together imply equation (3); however, one of them is
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a necessary but not sufficient condition. E.g. from (#) one can deduce (3) only with
the additional premise that the LFER equation is valid at one temperature at least.
Hence the IKR is a sufficient condition for any LFER to hold at various temperatures,
provided that it holds at one temperature®’. With respect to the symmetry of the
model another combination of sufficient premises may be formulated, it is the equa-
tion (5) combined with the validity of the Arrhenius equation at least for one value
of g.

Finally, by comparing equations (1) and (3), the expression for the temperature
dependence of the reaction constant g follows*-¢ ™%

or = ao(1 — BT ). (6)

Most of these equations have been already derived ~8, some are even well known.
However, they have been usually treated in the framework of pure algebra and the
fact has not been paid proper attention that they are only approximately valid. Hence,
testing their validity and determining the values of constants are problems of mathe-
matical statistics, and the results must be formulated and treated accordingly.
E.g. the values of constants are estimates, related to the given statistical model;
they cannot be obtained from arbitrary equation neither treated as a simple alge-
braic quantity. The object of the present paper are the pertinent statistical considera-
tions and comparison with experimental data on typical reaction series.

THEORETICAL AND RESULTS

Let us have a series of I reactions (l = 3) differing only in substituents or any other
single factor; the i-th reaction has been kinetically followed at m; temperatures
T (i=1,2,...,5j=1,2,..,m; ym; = N number of all data) and the values
of log k;; determined.* These data may now be correlated: A) by the separate Arrhe-
nius equations (2) for each reaction without any assumption concerning the substitu-
ent effects, B) by the separate LFER’s (1) for each set of log k;; related to the same
temperature, using a proper set of fixed substituent (or structural) constants ¢ and
making no assumption as to the temperature dependence, C) by the IKR (4) irre-
spective of the substituent effects, D) by the set of LFER’s expressed by equation
(5) with no assumption as to the temperature dependence of the constant g, E) by
the IPR (3).

These possibilities are summarized in Table I, giving the equations which hold
in each case, the constants to be estimated, standard deviations, and the pertinent
degrees of freedom. The least-squares problem of estimating constants reduces

* 1t is assumed that the same values T occur in several reactions; for a significant correlation
B it is necessary that each value 7T is encountered at least in three reactions. Most conveniently,
of course, all the reactions are studied at the same set of temperatures, see the Appendix.
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TaBLE I
Statistic Models for Correlation of Reactivity Data at Variable Temperature

Model Equations Degrees Standard Constants
fulfilled of freedom  deviation to be determined
A independent Arrhenius 2 N — 2/ 500 A E¥
equations
B independent LFER’s (03] N—2m SLE 2; k?
C isokinetic relationship (4) )4 N—/—2 5o Byob;
D LFER'’s with constraint (5) Do) N—m—2 — 3y 05
E isoparametric relationship (3) (1)—(5) N—4 Stp B8 yy 00

with variables 77! and ¢ ~

in the cases 4 and B to a series of simple regressions, whereas in the case C it is
non-linear® and can be solved generally only by approximation'®; in the case D
the problem is quite analogous. The most constrained case E is again simpler from
the statistical point of view and is solved by multiple regression with some possible
simplifications given in the Appendix.

In further considerations we shall raise the symmetry of the model with respect
to ¢ and T~?%, supposing that the Arrhenius equation is always fulfilled. This as-
sumption is reasonable within small temperature intervals as usual in solution kinetics.
Hence the corresponding standard deviation sq, is taken merely as an estimate
of the experimental error than of the imperfection of the model. By comparing so0
with other standard deviations by appropriate F-tests (not strictly applicable to
models C and D, see®!°) the validity of other models may be now tested.

It follows further that the model B is highly improbable and may be considered
for comparison only; the less probable is the model D which will be further dis-
regarded. Attention will be focused to testing model E by comparing with C or even
with B; testing of the IKR in the model C was dealt with in another place**.

The results obtained on 20 reaction series are listed in Table II. Data from recent
literature'2~ 28 have been mostly selected containing the sufficient number of con-
stants in a not too narrow temperature interval. Most examples concern the Hammett
equation in its classical range of validity?®; otherwise the selection was not quite
systematic.

The correlations have been restricted to simple one-parameter equation and little
attention was paid to the choice of proper ¢ constants. It follows that in some cases
the fit could be improved but the overall pattern would not change. Some specific
features of certain reaction series are mentioned in the foot-notes in Table II.
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The Validity of Linear Free Energy Relationships 519

In addition to the statistics explained in Table I the standard deviation** sy is listed
in Table II, representing the variability of reactivity between the individual reactions
of the series (i.e. due to substitution). The ratio of any standard deviation, resulting
from a particular correlation, to sg is the recommended measure of the goodness
of fit'*3% (denoted y); the values of 0-44 and 0-14 correspond to correlation coef-
ficients 0-9 and 0-99, respectively, in the case of simple regression.

DISCUSSION

Validity of LFER and IKR. Although the validity of IKR is a necessary condition
for any LFER to hold at variable temperature, the experimental evidence has been
somewhat puzzling. Ritchie and Sager®! distinguished three types of reaction series
according to whether the Hammett equation or the IKR is obeyed, or both. Since
the first possibility is theoretically inadmissible, it was assumed that it comes into
existence only by improper statistical treatment*®. This assumption is now con-
firmed by the data of Table II. In most cases the fit of the LFER may be denoted®

s “excellent’” (comparison of sy to sg); the three cases whete it is only “fair’” are
caused by the too small differences in reactivity (reaction series 5 and 12), or in ad-
dition by the low accuracy expressed by sq0 (reaction series 19). In I8 of 20 reaction
series the IKR is fulfilled better — usually much better — than the LFER (comparison
of s, with s;5). In the two exceptions, reaction series /6 and 19, the experimental
error sy is relatively large and all the standard deviations are in the same range;
hence these cases do not invalidate the general conclusion.* It follows further that
when the isokinetic constraint is added to a LFER, the resulting IPR (model E)
yields as good fit as the original LFER (comparison of s and s;¢). Usually the fit
is even somewhat improved (s;p < s;¢) since there are more degrees of freedom; the
two apparent exceptions (reaction series 76 and 19) are explained as above.*

The main conclusions of this paper may thus be formulated as two mutually de-
pendent postulates; although their validity has been proved directly on small samples
of data, it is consistent with all the available evidence: /. The IKR is more common
and in general more precise than any LFER. 2. The proper LFER can be used at any
temperature without additional problems. When data at several temperatures are
available, the united correlation by equation (3) is preferable to separate ones.

The preference of IKR to LFER’s is in accordance with the common feeling:
The similarity between related reaction series should be still exceeded by the similarity
within one series at different temperatures. On the other hand the validity of the two
postulates is clearly restricted to a temperature interval “not too broad™; intervals
usual in solution kinetics fall into this range.

* If 590 is assumed to represent the estimate of the experimental error, then any standard

deviation smaller than soq may only arise by chance and is of no significance.
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Fig. 1 compates the correlations according to the equation (3) and that by un-
constrained Hammett lines in the case of reaction series 16, where the difference is
by chance very distinct; in typical examples the two models B and E are indistinguish-
able in the graph.

Meaning of the constant 9. This constant is of analogous physical meaning as the
isokinetic temperature . It represents a fictive value of the constant ¢ at which the
reactivity is independent of temperature; when passing over this value the temperature
dependence changes its sign. This consequence is easily understandable in the case
of equilibria, which can shift with temperature to any side. E.g. the acidity of sub-
stituted anilines increases with temperature'®; from Table 11, line 2, one can predict
that a substitution with ¢ = 2-33 would cause the temperature independence and
at a still higher ¢ the acidity would drop with temperature. The prediction is con-
firmed by the behaviour of ortho-nitro derivatives®?, even if these, of course, do not
obey the Hammett equation.

On the other hand, such a reversal is an inadmissible corollary in kinetics, since
the reaction rate can depend on temperature in one direction only. The question
thus arives, whether the value of 3 can be in principle reached experimentally and
what will happen in such a case; the question is still more pressing than the similar
one concerning the isokinetic temperature*®'1°. From the 13 reaction series from
Table IT concerning kinetics, in at least 10 cases the constant ¢ lies far outside the
range of possible values of ¢ and may be viewed as the product of extrapolation with-
out any physical meaning. In fact the only possibility to surpass the value of & is given

Fic. 1 Fic. 2
The Isoparametric Relationship in the Co- The Isoparametric Relationship with a Near
ordinates logkvso (reaclion”’ 16 from Critical Value 8 and Large Scatter (reaction®®
Tabie IT; full lines — unconstrained Ham- 18 from Table 1)
mett equations, dashed lines — the isopara- Symbols as in Fig. 1; @ at 0°C, o at 25°C.

metric relationship)
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in reaction series I8 (e.g. with 3,5-dinitrobenzenediazonium salt, ¢ = 1-40), but
Table IT and Fig. 2 show that just in this series the scatter is rather bad and the beha-
viour in the neighborhood of $ (= 1-06) cannot be predicted. In the reaction series
16 (Fig. 1) the fit is much better but the value § = 2-35 lies rather far and cannot
be realized within the limits of the classical Hammett equation. In conclusion, there
is no evidence that the value of 9 could be reached (or even surpassed) experimen-
tally in kinetics and a reaction with zero (or even negative) activation enthalpy thus
realized. Of course, detailed studies of the border-line cases would be desirable.

Determination of B. The isokinetic temperature § is involved in both equations (3)
and (4), but the least squares procedures yield different estimates from either (see
the appropriate columns in Table IT). It was suggested®> ~3* to determine f from equa-
tion (3) even when only the IKR is being investigated; still easier is the plotting, or
correlating ¢ against 77! according to equation (6). However, the two procedures
are not equivalent generally, but only in a special case (sce Appendix). Furthermore,
both are principally incorrect, since they make the value of § dependent on a fixed
scale of ¢ constants, the result may change when an inappropriate type of constants
has been chosen, etc. Table II shows that the error is usually not very large but there
are exceptions (e.g. reaction series 2, I4). It is also true that the exact value of f
is not fundamental in the analysis in terms of the IKR, the values of sy, Sg0, Sz being
more important**1°, Nevertheless, the unobjectionable statistical procedures are
available*°+1° to obtain unbiassed values of f, hence it would not be logical to use
the indirect procedures and replace the more precise equation (4) by the less precise
equation (3).

Meaning of remaining constants. The constant y,, denoted the isoparametric
value? or isokinetic point®, represents the value of log k at such a value of ¢ when
it is independent of T, or vice versa. In principal it can be attained in two ways,
either at the o constat equal to 3, or at the temperature equal to . The first pos-
bility was considered on p. 522 to be realistic only with equilibria, while the second
was discussed previously*''! with the result that it is very rare but not completely
excluded.

The constant g, xepresents the fictive value of ¢ at the infinite temperature and its
possible physical meaning, or use in mechanistic discussions are still obscure. The
signs of g, and g.,, at the experimental temperature may be even opposite if § is
positive and higher than T, ; in other cases the signs agree. All the possible combina-
tions are listed in Table III, columns 2—4. As far as only kinetics are concerned,
the values and signs of ¢ and y, are also interrelated and all the six possibilities are
given in Table 111 and visualized in Fig. 3 in the coordinates log k vs T~ !, In the same
graph also the dependence of ¢ on T~ 1 is shown. This classification unables us to dis-
cuss once more the validity of the so-called reactivity-selectivity relationship?®-3¢.
No doubt that this principle accords with chemist’s common feeling but it has not
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been deduced theoretically, not is the experimental evidence unambiguous. In the
case under consideration the principle would require the smaller differences between
individual reactions the higher their reaction rates, i.e. the constant y, should be

TaBLE TIL

Relations between Constants in the Isoparametric Relationship (3)

8 Yo Examples Reactlylfy-
Case B 29 Cxp T from Table Il -sele.cnvn_y
valid in kinetics only relationship
a >Typ pos. neg. neg. >exp. 5,13 fulfilled
b >Texp neg. pos. pos. >exp. 10, IIN, 16, 18, 20 fulfilled
¢ npegative pos. pos. pos. >exp. 1,2,3,6,9 fulfilied
d negative neg. neg. neg. >exp. 7,14,19 fulfilled
e <Tep pos. pos. neg. <exp. 4,8,12,15 violated
o <Teyp neg. neg. pos. <exp. 17 violated
P logk
ol
o T~ S~
P p [logk P d | P p £ |logk
b g
TR Jo
0 - — -1 “04‘ -1 B P O——— -1
s T e oo - r
FiG. 3

Schematic Representation of Signs of Constants in the Isoparametric Relationships in the Co-
ordinates log k vs T~

a—f Possible combinations from Table III, O point of intersection with coordinates
B3, ¥o), dashed line — dependence of ¢ on 771, heavy arrow — 0o+
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higher than experimental values of log k and represent some limiting value of re-
activity. According to Table III the prediction is fulfilled in the cases a — d which
include 15 from the 20 experimental examples. It follows that even in this case the
reactivity-selectivity relationship gives a true picture of typical, prevailing cases
but is not without exceptions. Fig. 3 and the above considerations do not concern
equilibria which may depend on temperature in both senses even within one reaction
series.

APPENDIX

When equation (3) is rewritten

log ke r = 0oBIT ™ + 000 — 0oBT ™10 + yo — 009 (3a)

it can be treated as a multiple regression with independent variables T~ !, o, and T~ L5 and de-
pendent variable log &; from the four coefficients of the regression the four constants g, 8, g¢, and
¥o are obtained univocally. The computation does not even require the set to contain values
at several temperatures for each substituent, nor vice versa. However, the comparison with equa-
tions (/)— (4) makes this condition necessary; a reasonable set of data would involve, say, three
values for each substituent and four for each temperature at least.

The most advantageous case arises, of course, when each of the / reactions (with oy, i =1, 2, ...,
) has been followed at each temperature Tj (j=1,2,...,m); it corresponds to the so-called
special case® in the computation of parameters of the isokinetic relationship (4). The regression
is significantly simplified in this case and the constants are obtained directly according to the
formulae

8 = (Zo'i - A11A23/A123)/l,

I/ﬁ = (Zj:T_l - A22A13/A123)/m ’ (7)

Qo —A123/ﬂA11A22 B
Yo = (Z log ki — Ay3As3(Agz3)[ml
i

1

where the A’s have the usual meaning
Ay = zi:‘fiz - (Zﬁ'i)z/l,
Az = EJ_:TJ'_Z - (JZTj_l)Z/'" ,
Ay =Y logk; — Zaizj:log kil 6]
m ]
Ay = %T;I log k;; — Zj:Tj"l %:log ki[m,

Collection Czechoslov. Chem. Commun. (Vol. 39) (1974)
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Aprs = Yo, T log ki — Yo YT log kyj/l — Y T7' Yo, log kyyfm +
i T 3 7
+ Yo, Y17 Y log kyy/ml .
i J ij

In this case, and only in this case, the constants # and g, may be also obtained by the linear
regression according to equation (6); this indirect procedure is clearly cumbersome and of little
value, when a complete analysis is desired.

The residual sum of squares is given by

= Z(l(’g kij)2 - (Z log kij)zfml - A%;/""An - A%3IIA22 - A%zs/Aquz
ij ij (9)

and has, according to Table I, m/ — 4 degrees of freedom. It can be compared to the residual
from unconstrained LFER’s

Sip = ;(log k;)? - Z Zlog kyp)? [ — z Zo‘ log k;; zi:aiziﬂog kiID?A, (10)

(with m/ — 2 m degrees of freedom) and to residuals Sy and Sy, computed by the appropriate
formulae®+19,

The computations have been programmed for the Hewlett-Packard calculator 9820 A.
In the input are given: temperatures in °C, o values, rates constants either as log & or k. 10%.
In the output one obtains: T 'in reciprocal K, ¢’s, values of log k, unconstrained ¢’s for each
temperature, fin X, l/ﬂ, 8, 00, Yo, S1p» SLF- The data of Table IT have been obtained in this way.

LIST OF SYMBOLS

Apg... Ay auxiliary symbols defined by Eq. (8)

b slope of the Arrhenius line, Eq. (4)

i subscript pertinent to a reaction (substituent)
J subscript pertinent to a temperature

k symbol for rate or equilibrium constant

i° intercept of the LFER

/ number of reactions

m, m; number of temperatures
number of all data
So» So0» S1p» L standard deviations defined in Table T
So> Sgos Sips SLp  1esidual sum of squares corresponding to the respective standard deviations

SR standard deviations expressing difference between reactions
Yo isoparametric value of log &, Eq. (3)

B isokinetic temperature

o critical value of o, Eq. (3)

0,07 temperature dependent reaction constant

2 reaction constant at the infinite temperature, Eq. (3)

g generalized substituent constant
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The Validity of Linear Free Energy Relationships 527

N N N S

20.
21.
22.

|83
w

27.
28.
29,

30.
31.
32.
33.

K

34,
3s.
36.
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